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Abstract 

Oh; 

O \ We investigate five-dimensional rotating and charged black holes with squashed 

horizons in Godel universes. The general solution was recently derived by applying a 
squashing transformation on the general non-extremal charged and rotating black hole 
in the Godel universe found by Wu. We give a discussion of the squashed geometry 
QQ ' and also consider its lift to ten dimensions and discuss the T-dual geometry. Finally, 

C^ . using the counterterms method we compute its conserved charges and explore its ther- 

modynamics. 
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1 Introduction 

In recent years, one has witnessed remarkable developments in higher-dimensional black 
hole physics. Even though several higher- dimensional black holes have been known for a 
long time, such as the static Schwarzschild-Tangherlini black holes, their charged Reissner- 
Nordstrom versions and the higher dimensional generalization of the rotating Kerr solution 
[U 12], one of the most intriguing recent results concerns the existence of higher dimensional 
asymptotically fiat black holes with non-spherical horizon topology. In particular, in five 
dimensions there exists an asymptotically flat black ring solution whose horizon's topology 
is S'^ X 5*^ instead of the usual S^ topology of the Schwarzschild solution [3]. One can imagine 
constructing such a black ring by taking a black string in five-dimensions, bending it and 
connecting its ends to form a circle. This configuration would normally be expected to 
collapse to form a black hole with spherical horizon topology; indeed, this is the case in four 
dimensional asymptotically flat spacetimes as a consequence of topological censorship ^ |5] . 
However, in five or more dimensions, the spherical topology of infinity does not constrain 
that of the black hole horizon [6]; geometric considerations, however, restrict the topology 
to those, such as S^ and 5*^ x S^, that admit non-negative scalar curvature [7]. It was found 
that if one adds rotation, the black ring can be stabilized [3j; this provided the first known 
explicit solution with non-spherical horizon in an asymptotically flat background. One can 
also envisage that adding a gauge field can also stabilize the gravitational collapse of the 
black ring. Such a solution has been explicitly constructed in the five-dimensional Einstein- 
Maxwell theory [SI El [IDl [H] • However, it was found that even by adding an electric charge, 
the static black ring cannot be stabilized. Supersymmetric black rings have also been found 
[T2| [T3] based on the procedure given in [Hj. 

In five dimensions there also exist the so-called Kaluza-Klein (KK) black holes, whose 
horizon geometry is a squashed 3-sphere [151 [IS] • However, their geometry is not asymp- 
totically flat; instead it is asymptotic to a nontrivial S^ bundle with constant fiber over the 
2-sphere in a four dimensional asymptotically flat spacetime. This is also the asymptotic 
geometry of the Kaluza-Klein monopole [T71 \TE\ . The Kaluza-Klein monopole, one of the 
most remarkable geometries, is a solution of the five-dimensional vacuum Einstein theory. It 
is perfectly regular and yet, upon dimensional reduction to four dimensions, one obtains the 
geometry of a magnetic monopole, which is nakedly singular from the four- dimensional point 
of view. The KK-monopole geometry is characterized by the radius of the Kaluza-Klein cir- 
cle S^. For distances much smaller than this radius, the geometry becomes isometric to the 
five-dimensional Minkowski geometry, while asymptotically the geometry looks essentially 
four- dimensional, as the Kaluza-Klein circle is small. This property of the KK monopole 
background, that it interpolates between a five-dimensional geometry and an essentially four- 
dimensional one, has been extensively used in context of supergravity theories. For instance, 
given a supersymmetric solution, one can add straightforwardly a KK-monopole charge and 
therefore obtain a new four- dimensional solution upon dimensional reduction. This has led 
to remarkable connections between five-dimensional supersjTiimetric black holes and certain 
four- dimensional black holes [T9|[20]. 

For vacuum metrics, there exists a systematic procedure to add KK-monopole charge 
to a general asymptotically flat geometry |2I], based on a hidden SL{3,R) symmetry of 



the gravitational sector [22]. More recently, in the context of the minimal five-dimensional 
supergravity, there has been developed a solution generating technique based on the G2 U- 
duality arising in the dimensional reduction of the theory down to three dimensions [231 121] • 
One should note here that adding a Kaluza-Klein monopole charge to a given solution is not 
a trivial task once we depart from the class of supersymmetric/vacuum solutions; in many 
cases, to find exact solutions one has to solve the Einstein-Maxwell equations by brute force. 
For instance, a solution describing a static KK black hole with electric charge has been found 
in [25j, while the corresponding Einstein- Yang-Mills solution has been described in [26]. The 
Ishihara-Matsuno solution has been further generalized to a solution of minimal supergravity 
in five-dimensions in [27]. Remarkably, with hindsight, such KK solutions can be generated 
by applying a 'squashing' transformation on suitable asymptotically flat geometries. This 
'squashing' transformation was initially used in [28j to obtain the vacuum rotating black hole 
with squashed horizons starting from the flve- dimensional Kerr solution with equal rotation 
parameters. Since it works on asymptotically flat solutions of the minimal supergravity in 
five dimensions, the effects of the squashing transformation should presumably be recovered 
and further extended in the context of the G2 solution generating technique. However, 
the parameterization of the scalar cosets in this method is currently too complicated to be 
used as an effective solution generating technique. It is therefore of interest to check the 
effects of the 'squashing' transformation on a case-by-case basis on various other solutions 
of the minimal supergravity in five- dimensions in order to see if one can generate new exact 
solutions. 

One such important class of solutions corresponds to the so-called Godel-type solutions. 
In four dimensions an exact solution describing a rotating universe was found by Godel 
[29]. The Godel solution is a homogeneous rotating solution of Einstein's equations with 
pressureless matter and negative cosmological constant and, historically, it was one of the 
first exact solutions of Einstein's equations to exhibit close timelike curves (CTCs) through 
every point. Supersymmetric generalizations of the Godel universe in five dimensions have 
been found in [2]. Just as in the original four- dimensional Godel solution, they exhibit CTCs 
through every point. Further exact solutions describing various black holes (supersymmetric 
or not) embedded in a Godel universe have been found [30l [311 [321 [331 [311 [35] ^'^^ it turns out 
that, by applying the 'squashing' transformation it is possible to generate new 'squashed' 
black hole solutions [361 [33 [2H] • 

The purpose of this paper is specifically to investigate the properties of the new solution 
obtained by applying the squashing transformation to the general non-extremal charged 
black hole embedded in the Godel universe found by Wu in P5] . 

The structure of this paper is as follows: in the next section we describe the squashed 
Godel black hole and show how previous solutions are recovered in the various limits. We 
then go on to check in detail the effect of the squashing factor on the background Godel 
geometry. In section 4 we describe the lift to eleven dimensions and the T-dual geome- 
try. Using the counterterms method, we compute the conserved quantities and discuss some 
thermodynamic properties of the general solution. We find that, as expected, the conserved 
quantities satisfy a generalized Smarr relation and that the first law of black hole thermody- 
namics has to modified to account for the effects of the gravitational tension and the dipole 
charge. Unexpectedly, there are ranges of the parameters for which some of the intriguing 



thermodynamical properties of the black holes in Godel universes are preserved: in particu- 
lar we found that the black hole entropy is bounded from above and it can decrease while 
one increases the mass of the black hole. We end with a summary of our work and consider 
avenues for future research. 

2 The solution 



The bosonic sector of the minimal supergravity in five dimensions is described by the 
Einstein-Maxwell Lagrangian with Chern-Simons terms: 
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The equations of motion derived from this Lagrangian are given by: 
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where e"^')'^'' is the Levi-Civita symbol. 

To find a solution to the supergravity equations of motion and motivated by the 'squash- 
ing transformation' introduced in [28J we used the following metric ansatz: 



ds' 



-k{r)dt^ - 1g{r)o-idt + h{j-)a 



V{r) 4 
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(3) 
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while the ansatz for the electromagnetic 1-form potential is 

A = B{r)dt + C(r)(j3. 

Here we used the left-invariant one forms on S^, with Euler angles {6,(j),ip): 

o"i = sin ipdO — cos ip sin i 
0"2 = cos ipdO + sin ip sin i 
a^ = dip + cos 9d(j). (5) 

Substituting this ansatz into the equation of motion leads to the following general solution 
(see also [36]): 
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while 

SW = ^-*. C(r) = f{rr^ + 2,,g-^), (7) 

where \1/ is a constant to be fixed later by demanding a regular electromagnetic potential on 
the horizon. 

Here c is a real constant and it controls the squashing of the three sphere. In order to 
keep the signature of the metric Lorentzian, one has to enforce the condition x(r) > 0. Let 
us note that c can take any value, positive or negative as long as x(^) remains positive. 
The solution corresponding to negative values of c has been previously investigated in |36j . 
The squashing effect disappears and one recovers the general non-extremal rotating black 
hole in Godel universe found in [35] in the limit c ^ oo. Its extremal version, which is 
super symmetric has been studied in [30]. If one sets j = 0, one recovers the squashed 
charged black hole solution of the five-dimensional Einstein-Maxwell system with Chern- 
Simon terms [27]. 

Before we embark in a discussion of the squashed solutions, let us first recall some basic 
properties of the initial 'un-squashed' solutions. For this purpose, it turns out that it is more 
convenient to recast the metric in an ADM-like decomposition: 

ds = — vrr-rdt + h{r) <y?, - -rr-^dt + Trr-^dr + —ri'^i + ^2)1 

4:h{r) V ^ \^ ^ ^^^ J Y^^^ 4 V i -!^' 

^ ^+2 , r^P ( ^9 ,A ^ ^ r\^ , 2 , X^% 2 ^ 2n /on 

- - -at ^ — — \ 0-3 - -^dt ) H ^— dr + —-[oi + da), (8) 
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where now: 



A = r^ - 2[m - 4j{m + q)[a + 2j{m + 2g)]]r^ + 2(m - g)a^ + g^[l - IQja - 8f{m + 3g)], 
g = jr + 3jqr + — , 

(3 = '"^ - ^~^" . (9) 

r'^{r^ — 2mr'^ + g^) 

In general the solution is singular at origin r = 0. The black hole horizons are located at 
the roots of A = 0: 
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Aj{m + q){a + 2j{m + 2q)) ± 75, 



S = {m- q- 8j\m + g)^)[m + q - 2a^ - 8ja{m + 2q) - 8j^(m + 2qY]. (10) 

Here the plus/minus signs correspond to an outer/inner black hole horizon and they coincide 
in the extremal case, when the parameters are chosen such that 5 = 0. The roots of k{r) 
correspond to ergospheres. Explicitly, they are given by r^ = ?7i ± ^Jrr^^^^q^. If the charge 
parameter is set to zero, (? = 0, then there is only one ergosphere located at re = \/2m. 

Generically, as was first noticed in [3S] , the gauge potential is not regular at the horizons 
and one finds that A^A^ diverges for r = th-, unless one takes|j 



^From here on we shall designate by B{r) — ^^Qr, without the constant term. 



If the condition /3 > is violated then the Kilhng vector d^ becomes tiniehke;as ip is 
periodic, the metric then admits closed timelike curves in the region where /? < 0. This 
region has been referred to as the 'time machine' in [32] • Its boundary is the so-called 
'velocity of light surface' (VLS) and corresponds to locations r = tctci where tctc is a root 
of /5 = 0. 

One can also see explicitly that VLS cannot be situated in between the black hole horizons 
r^. Indeed, from the general form of the function (3 as given in ([9]) one notices that the only 
way to achieve P{rcTc) = is to have A{rcTc) > 0, while if rcrc is in between the black 
hole horizons, r]j^ < rcrc < ^h^ ^^^ ^^ A < 0. In the uncharged case, q = 0, this fact has 
been explicitly checked in |40j . 

The angular velocity of locally non-rotating observers is given by the shift vector and, 
when evaluated on the horizon, it gives the angular velocity of the horizon: 

For a specific choice of parameters, one should be able to make the angular velocity of the 
horizon vanish. This, however, can happen only in the degenerate case in which g{rH) = 0, 
i.e. Arjf = PrH — O5 ^^^ 0^6 finds that the VLS coincides with one of the black hole horizons. 
Therefore, one has two important cases to consider: in the first case the VLS is inside 
the inner black hole horizon, while in the second, the VLS is outside the outer black hole 
horizon. In the second case it turns out that inside the time machine, the coordinate t is 
spacelike and the spacetime ends where the coefficient of dt"^ vanishes. This corresponds to 
the so-called 'pseudo-horizon' [39] . To make the geometry non-singular at this point, one 
has to periodically identify the coordinate t with an appropriate real period. 

3 Properties of the squashed geometry 

One is now ready to discuss the effects of the squashing function x(r) on the initial unde- 
formed geometry. There are two cases to consider, depending on the sign of the squashing 
parameter c. 

If c < 0, one can write c = — rg for some positive tq and, in this case, notice that 
x(^) = (r^-r^'i^ • ^^ order to keep the Minkowskian signature of the spacetime after the 
introduction of the squashing factor, one has to make sure that A(ro) > 0, i.e. rg cannot 
be located in between the black hole horizons (where A(ro) < 0) and therefore tq > r^ or 
To < r]j. On the other hand, if c > then one can write c = r^ and x(^) = 7;:2T^^- The 
constraint x(^) > translates in this case to A(iro) > and, given that A is a quadratic 
function of Tq, one finds again that one cannot pick rg to lay in between the black hole 
horizons. 

3.1 The squashed Godel background 

Let us first investigate the squashing effects on the background Godel geometry, m = a = 

4 

q = 0. If c < one finds xf'") = t"2zSw5 which diverges at r = tq. However, this is not 



a real singularity in the metric, as no curvature invariants diverge there. Moreover, it can 
be shown by an appropriate coordinate transformation that the region around Tq can be 
considered as the region near spatial infinity [25j. Since there are no event horizons in the 
background geometry, one can choose any real value for tq. There exists a VLS located at 
Pi^cTc) = 0, i.e. at rcTC = j^ and for tq > tctc there will still be CTC's through every 
point in the squashed geometry. If, however, one picks tq < tctc then CTC are excluded 
from the region r < tq. 

One should note here that the limit r ^ tq can be attained from the left or from the 
right of tq. In the first case, one considers only values r < vq and performs the coordinate 
change: 

i + f-fipY ^^ 

Clearly, this coordinate change is only valid in the region r < r^. In the limit r ^ ro one 
has p — »• cxo. So far, the constant pQ has been left arbitrary. One can take Tq = 4pQ, while j 
can be rescaled to absorb the extra factor rg. Then the squashed metric can then be written 
in the form: 

dsl = -(dt + jl-ar^ + f(p}dp' + //(p)(<Tf + 4) + -^al 

A. - f ^.,. (14) 

The geometry is everywhere non-singular and there is no ergoregion (since gu = —1 ev- 
erywhere) o If J = the metric reduces to that of a Kaluza-Klein monopole. Notice that 
Qiii) = ^° A ( ) "' and, therefore, there exists a VLS located at pcTC = 2^ a iff J^ > Po- The 
limit Po "~^ can be taken once we further shift the p coordinate p ^ p — ^ and make the 
rescalings ip ^- ^ and j -^ jpo such that the metric becomes (with ^ = n): 
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9 /, P — n , , , ^,,n\ P + n ^ ^ 



2 



dsl^ - {dt + J (d^ + In cos Qd(^) + dp' + ip' - n') idO' + sin' 

\ p + n J p — n 

p — n 

-{dip + 2n cos 



p + n 



AL = —j(^^(dij + 2ncosed(f)). (15) 

2 p + n 

For n = 0, one recovers essentially fiat spacetime in boosted coordinates, while for j = one 
recovers the metric of the KK-monopole in Taub-NUT like coordinates. The limit po —>■ 00 



^Note that in 36] , the existence of ergoregions was identified in coordinates which are not rotating at 
infinity. 



can also be achieved after one rescales p ^ — and j -^ jp^, in which case one obtains: 
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dsj^ = - [dt + j—^ — 2^3 H —dp H 2 (cri+o^2)H —^'^3' 



P + Po / PPo Po P + Po 

V3 . PPo 
2 P + P^' 



^^ = ^^'t^^s. (16) 



It is now clear that in the limit po ^ oo, the squashing disappears and one recovers the 
initial Godel solution, with p = r^/4. 

On the other hand, if one approaches the limit r —>■ Vq from the right, then the appropriate 
coordinate transformation is given by: 

r' = ° = J^. (17) 

1-? /(P) ^ ^ 

The limit r — > tq is equivalent to p ^ oo and one obtains the metric: 

dsl = -(dt + J-a-^ + f{p)dp' + p'f{p){al + al) + -Aal 

V /(p) / /(p) 

A^ = — ^(T3, (18) 

where again we have rescaled j to absorb a constant factor Tq and set Tq = 4pQ. If j = 0, this 
metric reduces to that of a Kaluza-Klein monopole with negative KK monopole charge and 
it is therefore singular at p = po- One should note, however, that this region corresponds to 
r — > cxD in the original Godel background. The location of the VLS is given by the equation 

PofiPcTc) — j^ = 0, that is pcTC = a^-2 if Po > J^- It is then clear that if the 'left limit' 
metric has CTCs then the 'right limit' metric does not and vice-versa. 
Finally, if c > then the squashed metric becomes: 



2 C dv T 

ds' = -{dt + jr'a,) +p^^ + J 
\/3_..2 



^ 2 I 2n I 2 

-^-p^(ai + a2) + a3 



A = ^jrW (19) 

This metric has no horizons, there is no curvature singularity at origin, however there exist 
curvature singularities at infinity, in the time machine region r > rare = ^■ 

3.2 The general squashed black hole 

The general case can be dealt with in the same manner. Given the presence of the black 
hole horizons, one cannot chose the parameter tq at will and, instead, one has to locate it 
inside or outside the black hole horizons. 

Again we have two cases to consider, depending on the sign of the constant c in the 
squashing factor. Since for a positive value of c the background (TT9l) has un-interesting 

8 



2 



asymptotics, we shall focus in what follows on negative values of c. Consider then c = — ^g, 
for some positive Tq. The squashing factor x(r) is then singular at r = Tq, however, as for the 
pure Godel case, this is a coordinate singularity. In fact, the region near tq corresponds to 
spatial infinity after one performs an appropriate change of coordinates. Notice that again, 
the limit r ^ tq can be reached either from the left or from the right of tq, i.e. using values 
r < To, respectively r > tq. For each limit one obtains two distinct geometries, that we 
shall designate by 'left' and 'right' solution. The 'left' solution is obtained by performing 
the coordinate change ( IT3l) : 



dsl = -k{p)dt^ - 2^(p)(# + cos ed(j))dt + h{p){dil) + cosOd^f + ^^^dp^ 



+p'fip)ide' + sm' 
Al = {B{p) - ^)rft + C(p)(# + cosed(f)). (20) 



where: 



m = 1 - ^, 



rg {2m-q)a q^a 



9{P) = J-FTK + 3jg + ^-2 /(P) - T^f (P), 
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2m — 8j(m + g)[a + 2j(m + 2g)] 2(m — g)a^ + g^[l — 16ja — 8j^(m + 3g)] 

2 /IP/ "I 4 
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while 



B(P) ^ ^/(rt. m ^ f (,|^ + 2„ - ^m) . (22) 

In the above form of the metric, we have already imposed the condition V{rQ) = Apl/r^ in 
order to have the canonical normalization of the metric on the 2-sphere at infinity. However, 
the location of tq is still arbitrary at this stage. 

Recall now that the general rotating charged black hole has generically two horizons 
situated at r^ and a VLS located at tctc- Since the VLS cannot be located in between the 
horizons one is left in general with two cases to examine; rcrc > ^ti ^"^^ ^ctc < ^h- If 
Tctc > fti then if one picks tq such that r~^ < tq < tctc with /i(ro) > 0, then in consequence, 
h{p) is always positive in the region corresponding to r < ro and there are no CTCs in the 
'left' geometry. On the other hand, if one considers the limit r — * tq from the right, the 
appropriate coordinate change is given in (IT7|1 and the 'right' geometry has the same form 
as fl20l) but with /(p) replaced by /(p), i.e. one replaces po — > — po- If the 'left' geometry 
is regular, then the 'right' geometry has no horizons and contains a naked singularity at 



p = po- The VLS in this case separates the region with CTCs from the asymptotic region 
with no CTCs. 

If tq < r]j < rjj < rcTC the 'left' geometry has a naked singularity. However, the 'right' 

geometry is now regular with an event horizon located at prr = po^i — j with the VLS 

located inside the black hole horizons. Therefore there are no CTCs outside the horizon for 
this case. Finally, if the VLS in the un-squashed geometry is located inside the black hole 
horizons, then either vq < tctc < ''^'h ^ '"'ti ^^ ^ctc < 1^0 < r]j < rj. For each of these 
cases, there is only one limit. Moreover, from the previous analysis, it is clear that both the 
'left' and 'right' geometries appear to be singular. 

Finally, let us mention that it is also possible to rewrite the squashed solution in a form 
from which one can recover the initial unsquashed geometry, in a form similar to the metric 
(1161) . To this end, one performs the rescaling p — > ^ such that: 

dsi = -k{p)de - 2g{p){d^ + cos ed(j))dt + h{p){di) + cos ed(f)f + ^^Y^^tA^p^ 

Atq V [p) 



+ ^^p'f{pKd9' + sin' 







Al = {B{p) - ^)dt + C{p){dij + cos9d(p), (23) 

2 

where now f{p) = 1 + — , while the other functions remain the same as in (l22l) . In the 
limit ro — > CX3, one recovers the initial unsquashed black hole metric. However, the presence 
of the V{ro) factor multiplying the line element of the two-sphere leads to unnecessary 
complications in discussing the solution's properties. Therefore the next section we shall use 
the solution as given in fl20|) . 

4 T-duality of the squashed Godel universe 

It is well known that five dimensional supergravity solutions can be extended to 11 dimen- 
sional supergravity solutions of the Lagrangian whose bosonic sector is 



^2^/^3^R-^G,.f^^G^'^n-Y^^ 



, , -giR - G,,,,G^^n - TTT-^C^s) A G(4) A G(4) (24) 



where C(3) is the 3-form potential for (j(4), (^(4) = (iC(3) and k^ is the 11 dimensional 
gravitational coupling constant. The equations of motion for (IMll are satisfied by the metric 



dsli = Qfj^udx^dx" + (is^6 (25) 

where g is the metric ([3]), 

n 

dsl^ = Y,dyl (26) 



the flat metric on the n-dimensional torus and C(3) is chosen in a gauge such that 

2 
73 



C(3) = -=A A K(2) (27) 
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where A is the vector potential (jl]) and 

K(2) = dyi A dy2 + dy^ A dy^ + dy^ A dye (28) 

is the Kahler form on T^. Dimensional reduction of this solution along y^ yields the type 
IIA string background 

ds'jiA = g^udx^dx" + ds'^4, + dz^ 
H(^3) = dB^2) (29) 

where z = y^ is the coordinate paired with y^ in (|25|1 and 5(2) is given by 

2 2 2 

-^A Adz = —={B{r) - ^!)dt Adz + — 
v3 v3 v3 



5(2) = ^=A Adz = -^{B{r) - *)dt A dz + ^=C(r)(T3 A rf;z (30) 



where again A is ([1]) with the convention that B(r) = ^^ as adopted in footnote 1. G 
for the IIA background is simply the projection of the 4-form G(4) to the 10- dimensional 
spacetime. This spacetime is clearly the generalization of the Godel IIA spacetime [5T] and 
the Godel IIA black hole spacetime [31] to the squashed, rotating, charged case. A T-duality 
transformation of (12^ along the z directioio yields a new IIB string background: 

4 4 

dsjjB = -K{r)dt^ + —={B{r) - m)dtdz + dz^ - 2'j{r)dta3 + r]ir)al + —=C{r)dza^ 
v3 \/3 



X^ij) 



r 



2 



dr' + —x{r) {(jI + ai) + ds'^, (31) 



where 



V{r-) 4 



, , 2m Aq^i 4\E'^ 



r2 V3r2 3 
7(r) = 2jg + -^ + r^ ( j + -^ ) + ^^ 



4jgvl. ,^_,/., 2jvl.\ , am-f-2jg2-^ 



SOIL - 2ZR -2aJQ^ f\ 
ri{r) = ajq + Afq^ + -^ ^- -^ + - - 2j^m - 2j2g ) r^ . (32) 



^2 V 4 

Due to the form of -8(2), the gtt^ Qta-i and (70-30-3 components now differ from that of the IIA 
metric by q and ^ dependent terms. 

It is interesting to consider the special case corresponding to the squashed Godel metric, 
JT^O, a = m = g = \E' = 0. First consider the left limit case; one finds, after coordinate 
transformation flT3l) . that the metric fl3Tl) takes the form 

dsl = -de + dz'' + 2jr2(l - ^^)a3(dt - dz) + ^(1 - ^^)al 

P + Po 4 p + Po 



■^Wc follow the convention of [42] namely that the components of the IIB metric g are related to the IIA 
metric g and 2-form field B by g^i, = g^i, ~ g^^zg^z + B^zB^z Qzz = 1, .9pz = -B^z with the nontrivial RR and 
NS fields related by Gf_,^pcrz = Gf^^pa, Ff_,^ = -H^^z- 
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+^(1 + ^) {dp' + p\al + al)) + dsl, . (33) 

A time dependent angular coordinate transformation ip' = ip + 4j{t — z) coupled to a change 
of coordinates u = t + z^v = t — z results in 

dsl = -dudv - Afrl{l - -^^)dv^ + ^(1 - -^^)(rl 
"- ^ ° P + Po 4' P + Po ' 

+^(1 + -) idp' + /(^i + ^2)) + dsl, ■ (34) 

where now 0-3 = dip' + cos 6d(p. This spacetime is a product of a 4-torus and spacetime that 
is locally a product of an 5*^ fiber with a 5-dimensional spacetime. The 5*^ fiber has constant 
radius at p — *> cx); The 5-dimensional spacetime becomes asymptotically flat as p -^ 00 and 
is everywhere regular]^ Regularity at p = can be easily verified by expansion of (IMI) in 
p/po to leading order; the metric becomes 



dsl = -dudv + — i -Afpdv'^ + T ( ~ + P (^1 + ^2 + ^3) ) ) + ds^A . 



(35) 



The coordinate transformation p = ^r then brings the spacetime near the origin to plane 

wave form 

2 

dsl = -dudv - Afr'^dv'^ + dr'^ + ^— [al + al + al) + dsl^ . (36) 

Note that this metric becomes exact everywhere as po -^ 00, the limit of zero squashing. 
The zero squashing limit clearly coincides with the plane wave dual to Godel spacetime. 
Therefore the left limit metric can be described as a plane wave that asymptotes to a flat 
spacetime as p — > 00. 

The right limit case can be constructed similarly; after the coordinate transformation 
(fTTI) followed by the same coordinate transformations as in the left limit case, metric (13T!) 
becomes 

dsl = -dudv - Arlj\-^)dv^ + '^{^—)al 

p-po 4 p-po 

+^(1 - ^) {dp' + p\ol + al)) + dsl, ■ (37) 

This spacetime has the same product structure as the left limit case. The 5-dimensional 
base space again locally approaches fiat spacetime as p — > 00, corresponding to r ^ ro in 
the original coordinates. However, in contrast to the left limit case, the spacetime is singular 
as p — »• Po, that is r — > cxd in the original coordinates. 
The left limit of the general case yields 

4 4 

dsl = -t^{p)dt^ + —={B{p) - ^!)dtdz + dz^ - 2'j{p)dta3 + r]{p)al + —=C{p)dza3 
V 3 v3 



Of course, this bundle structure assumes the appropriate periodic identification of ip' . 
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P0\ I dp 2/2 , „2\ \ , j„2 



4pr p'\v{p) 

where 

4g'J' 



+ p^K + (T|) +^4* (3^ 



-1^-p^m 



"9 _ 9a/r2 _ «'?"I' 



4jgvl/ / 2jvI/\ ,f p \ , r"^-T-2jr-^Wp + po 



/t(p) 



Vip) = ajq + 4jY + I ^ h^^^] (^^ + f ^ - 2j^m - 2fq ] r. 



V3 V V^ J \P + Po) \ rl J \ P 

a?in a?-q o„„'„2\ / i \ /i \ / 
2^-'^ \ / /^ + /^0\ , /I ^.2 0-2 \ 2/ P 



'^o y V P / V4 / Vp + Po 

^ _ / 2m - 8j(m + g)[a + 2j(m + 2q)] \ / p + po \ ^ 

2(m — g)a^ + g^[l — 16ja — 8j'^{m + 3q)]\ f p + Po^ 






ro 



C(p) = ^(2,,+,.S(-^)-5(^i^)). (39) 



For general parameters, the metric coefficients 7, rj and C are not constant multiples of each 
other; therefore the metric cannot be brought into a form similar to that of a plane wave. 
Asymptotically, as p — ;> 00, ( l38l) takes the form 

4 4 

ds^ = —K{oo)dt^ H — —B{oo)dtdz + (iz^ — 27(oo)(itcr3 + 77(00)0"! H — -=C{oo)dza'i 
V 3 V 3 

"^^^ +p2K + a2^)V^44 (40) 



4p2 VV(oo) 

which can be written in a form similar to that of the asymptotic limit of the IIB metric ([3i 
dual to the squashed Godel spacetime. 

In particular, observe that in the g = a = case, the 6-dimensional spacetime at constant 
t, p, z has the form 

,.^.^(.f,.,^),(l_2/™),.(_^).|. (41) 

In contrast to [31], volume of the the 3-sphere scales as p^ as p ^ 00 as the S^ fiber 
approaches a constant radius in this limit. Therefore, the squashed spacetime does not 
produce an anisotropic 3-sphere in this limit, as was the case in [3l]; instead it becomes 
essentially a nontrivial 5*^ bundle with constant fiber over an 5*^ in fiat spacetime. Hence, 
like the left IIA metric, the general left IIB metric is also asymptotically of Kaluza-Klein 
black hole form. 



13 



5 Conserved quantities and thermodynamics 

In discussing the thermodynamic properties of the charged rotating squashed black holes in 
the Godel universe we shall focus on the regular 'left' geometry with parameters chosen such 
that 6 > and /i(ro) > 0. Moreover we also impose the condition that tq is outside the 
ergosphere, i.e. k{ro) > 0. 

The computation of conserved charges and the discussion of the thermodynamic prop- 
erties of black objects in Godel universes constitute a notoriously difficult task [H], US, HI] 
as the naive application of traditional approaches fails. Fortunately, once the squashing fac- 
tor is included, the geometry is essentially modified such that at large distances it becomes 
asymptotic to the KK-monopole background described in the previous section. For such 
backgrounds it turns out that one can consistently define conserved charges and perform a 
discussion of their thermodynamic properties. 

In particular, to avoid the known problems of background substraction methods, we shall 
recourse to the counterterms method as described in [15]. Recall that the squashed Godel 
geometries are solutions of the equations of motion derived from the action: 



1 



WnG 



(Tx 



M 



-g{R-F^ 



3^3 



e^^'^^^A^Fp.F^, 



+ ^ f KV^d'x.m 
ottG Jqm 



Here M denotes the bulk of a five- dimensional manifold, dM denotes its boundary, while K 
is the trace of the extrinsic curvature Kij = ]^h\Vknj of the boundary dM with unit normal 
n* and induced metric hij. The boundary Gibbons- Hawking term is required in order to 
obtain the Einstein equations upon applying a variational principle with metric variations 
but not their normal derivative fixed at the boundary. 

Generically the action contains divergencies that arise from integrating over the infinite 
volume of spacetime. One way to regularize it for spacetime geometries that are asymptotic 
to that of a KK-monopole is to add the following surface counterterm: 



1 



•■ct 



StiG 



d xy 



(43) 



where 7^ is the Ricci scalar of the induced metric on the boundary, hij. By taking the 
variation of this total action with respect to the boundary metric h^, it is straightforward 
to compute the boundary stress-tensor, including 



where we denote \E' 



SttG 

2_ 



{K,^ - Kh,^ - ^{n 



nhi 



hip^ + ^.,j] 



If the boundary geometry has an isometry generated by a Killing vector ^* 
divergence free, from which it follows that the quantity: 



(44) 



then Tij^^ is 



Q 



d's%,e 



(45) 



associated with a closed surface E, is conserved. Physically, this means that a collection of 
observers on the boundary with induced metric hij measure the same value of Q, provided 
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the boundary has an isometry generated by ^. In particular, if ^* = d/dt then Q is the 
conserved mass M, while if ^* = 9/90 for some angular coordinate one obtains the angular 
momentum J^. One should also note that for squashed Kaluza-Klein black holes there exists 
another conserved quantity, analogous to the tension in the black string case [MIHT], which 
can be easily computed in the counterterms approach by using the formula: 

r = I d?S^Tfe = I dti^ d'xV^T}, (46) 

where now ^* = d/dip and the integration is performed over the two-sphere at infinity 
(described by 6 and 0) and also along the time direction. This tension is defined with 
respect to the asymptotic spatial translation along the circle described by ip- Similarly to 
the black string case, one notices that one can omit the integration over time and work with 
the 'tension per unit time': 

T = ^^ d'x^Tl (47) 

Consider now the 'left' geometry describing a regular rotating charged black hole. The 
event horizons are again located at the roots of V{p) and they correspond to: 

P± = Po 2 ''±2 - (48) 

The horizon topology is a squashed sphere with area 

and the associated Bekenstein-Hawking entropy is 5 = Ah/^G. The angular velocity VLh of 
the horizon is: 

^H = ^^ = f^. (50) 

To compute the mass, one needs an asymptotic timelike Killing vector ^ = d/dt canonically 
normalized at infinity. Therefore, for metric fl2U]) . one cannot use ^ = d/dt directly but must 
normalize it such that ^^^^ = — 1 at infinity. Further, one notices that the asymptotic frame 
in (l20l) is rotating with angular velocity: 

^ ^ lijn 9iP)_ ^ 4jrg + Ujqr^ + 2a{2m - q)r^ - 2q^a 

°° p^oo h{p) rQ[l — 4j2(rQ + 2m + 6q)] + 12jqarQ + 2{m — q)a'^rl — q^a? 

A similar situation was encountered in the AdS/CFT context in computing the conserved 
quantities of asymptotically locally AdS backgrounds [HI |l9l [50] . The best way to avoid the 
subtleties in identifying the proper conserved mass and angular momentum is to perform 
directly a coordinate transformation to absorb the asymptotic angular velocity and, also, to 
rescale the time coordinate to obtain a canonically normalized timelike Killing vector: 

t ^ t/iVo, ^ -^ ^ + ^t, (52) 
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where A^^ _ i; rlv{p) _ rJVo_ Ji| 



iVn 



Tq — 2[m — Aj{m + q)[a + 2j{m + 2g)]]rQ + 2(m — g)a^rQ + ^^[1 — 16ja — 8j'^{m + 3g)]rQ 



'"oil — 4j^(ro + 2m + 6g)] + 12jqarQ + 2(r?7, — q)a?rQ — g^a^ 



(53) 



A straightforward computation using the boundary stress-tensor leads then to the fol- 
lowing conserved mass: 



M 



TX 



leCr^/ioiVo 



Tq{\ — 8mj )(ro + 2m(l — Sttij ) — IGmj Tq) — 8mjarQ{l — 8mj 



Hf) 



-Amrla^ [m{l - 8mj^) - 12mj'^rl - Sr^j^] + IQjrlm^a^ - Aa^m^ + q[- 24roJ^(4m(l - 8mj^) 
+rl{l - 16mf)) + 16roJa(l + IQfm + Ar^f) + Arlo?{m + IQni^f - SjVq + 2Afrlm) 
-ASmjrla^ + 8ma^] + q^ [r^(1280mr^j^ - 192m2j2 + A8mf + 256r^j^ - 3 - IQrlf) 
+16roja(3 - 4roJ^ - 2Amf) + a2(2m - 4r^ - 144jV^ - IGm^j^ - 32jV^m) + lQja^{m + 2r^) 
-4a^] + g^ [48r^j^(3 - 2Amf + Srgj^) _ 24r^ja(l - 8mf - A8rlf) + (320r^j2 - 64mj2 + 2)0^ 



-A8a^j] + g^[l6j2(36r2ja - 108jV^ - 7a' 

angular momentum: 

ArQ{2jo^m + Saj'^m'^ — am + Qr^j'^am + 2rQJ^) 



(54) 



^i/j 



„4 -2, 



(55) 



— TT 



— TT 



2rog(24rQJ'^ — 3roJ + Qr^j^a + 24roJ m + AOr^j^am — Ar^ja + TqC — Qja^m 



8r^G 



r^q^{lAAr^f - 64ajVg - 6a^j + 3a - 2Afma) - aq^{72r^f - 12rgja -F a^) 



Sr^G 



and gravitational tension: 



r 



1 



64Gr6^iVo 



2ro [8m^roa^(a + 2roJ) - 4roma^[m(l - 8mj^) - 2j^ro] - 8mjaro(l - 8mj' 



^rlf] 



,2-2 



2r°(64m^j^ + 64rom^j* + Qj^r^ + m - 16m^j 



q \2Aa^rQ'mj — IQmr'^ 



\^ 



+Arla^ {+lQm^ f - 2jVo) + ArljailQrlf + QAmf - 5) + A8frl{rl - 2m + Smfr^ 
+16m'^f)] + q^ [Ar^f{6Arlf + 3AAfm + 32aj - 7) - a^rl{32frlm - 8m + r^ + GAm'^f) 
-AOrlj{rl + 2m)a^ + (8rg - Qm)a^] + q^ [672r^f + 12r^aj{l - 8m f) - Ar'^a'^il + AOmf 

+6Arlf) + A8a^rlj + 6a^] + q^[A8a^j + {2Amf - 3 + 32rlf)a^ - 288j3ar^] + 72q^a'^f 



(56) 



^Recall that we chose the parameter tq outside the event horizons/ergoregion and inside the VLS in 
order to avoid the presence of CTC's in the final squashed geometry. In this case all the square- roots in the 
formulae bellow in this section are well defined. 
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As first noticed in [39], the gauge field is generically singular on the horizon and one has 
to perform a suitable gauge transformation (this explains the presence of \l/ in the gauge 
potential A^) to make it regular. Indeed, in the coordinates given in (1201) one has: 

, ,, _ C\pl _ Af{p)[9{p)C{p) + h{p){B{p)-n' 
' Kp) rlV{p)h{p) ■ ^''> 

On horizon V{p+) = and the above quantity diverges unless one picks: 

^ = i?(p+) + f|^C'(p+). (58) 

On the other hand, the electric potential $, which is the true scalar potential that appears 
in the first law of black hole thermodynamics and also in the Smarr relation, is generically 
measured at infinity with respect to the horizon and is therefore defined by: 



^ — ^/iX |p-+oo ^fiX \p=p+} 

^-Bip)-c{p)nH, 



(59) 



No '^^^' 

where x^ = d/dt + Qd/dip is the null generator of the horizon (with Q = {Q^ " ^oo)/Nq) 
and Af^ is the gauge potential. 

The Euclidean section is achieved by sending t -^ — ir, a —>■ ia and j -^ ij. The Hawking 
temperature can now be computed by employing the usual Euclidean section techniques once 
we extend the metric smoothly onto the horizon at p = p+ and assign r a period /3 = ^, 
with the result: 

T = ^^^+ -^ . (60) 

47rplf{p+)^h{p+) 

The Euclidean action can be evaluated easily once one makes use of the field equations 
to prove that R = F'^/3, while the F"^ action term can be integrated by parts and, using the 
equations of motion for the Maxwell field, the net result can be expressed as a difference of 
two boundary terms: 

- ^ d'x^(^ - ^F2 - — l^i^ AFAA^ =^{^ d'x^ n^A^F^- - j d'x^ n^A^F'^'')- 

(61) 

A direct computation reveals that the event horizon contribution in the above relation van- 
ishes but only after using the regularized gauge potential A with \1/ given by ( 158|) . After 
taking into account the boundary counterterm and analytically continuing back the param- 
eters j and d the action can then be written as: 



^ 



^2 



4j(ma + jr'o) + q{l6frl - (1 - Sfm)) + ^(24j V^ + a^ - Sar^j] 



/3^/3tt 
'qGNo 

--4^ r^(l - 8fm) + Afrl - 2ma^rl + 2qrl{a' - Smfr^ + Afr^ 
4(j-roiVo 



0) 



+q\16ajr'o + Sj'r^ - a') + Ajq'{-a + 4jr^) 
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(62) 



The electric charge Q is computed using the Gauss formula by taking into account the 
Chern-Simon contribution: 



1 



Q = -7-7^ / dT.^^ 



V3v^ 



2 G 
One can also define a magnetic dipole charge by : 



^^ [ - Ajma + g(l - 8mf + 4ja) - Sfq^] . (63) 



1 /■ ^ Vs. , 



D-^lF-^jri (64) 

where one integrates over the 2-sphere at infinity. The role of the dipole charges in black hole 
thermodynamics has been discussed in [51] (see also [52l |53]). In terms of these quantities 
the first law of black hole thermodynamics can be written as: 

dM = TdS + MQ + TdC + ndJ^ + ^odD (65) 

and there also exists a generalized Smarr relation of the form: 

2M = ?>TS + ^Q + TC + ^dD + SVtJ^. (66) 

Here C is the length of the S^ circle at infinity described by if) and the above version of 
first law takes now explicitely into account variations of this length. The presence of the 
gravitational tension term in the first law of thermodynamics for the squashed black holes 
has been anticipated in [M] and later confirmed in [55l [56] although not exactly in the simple 
form given above. 

Note that the five- dimensional Smarr relation derived in [57] for asymptotically fiat space- 
times has to be modified once one takes into account the effects of the dipole charge D re- 
spectively of the gravitational tension T. At this stage we shall not prove the general Smarr 
relation given above, however we shall verify it in particular case at the end of this section. 
Notice further that the Komar mass as defined in [57] : 



Mk = -TTTTv^ / rfS'„„/^'"k", (67) 

is related to the counterterm mass M in fl5^ by: 

2Mk = 2M - TL, (68) 

while the Komar angular momentum: 

Jk = T7^ / dSmnD'^Ul'', (69) 

is the same as the angular momentum computed using the counterterms method. Here 
k = d/dt is the canonically normalized timelike Killing vector, while m = 3/ dip. 
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As an example, let us consider first the case of a squashed black hole in the KK monopole 
background. Setting a = 0, j = in the above formulae one obtains straightforwardly the 
conserved mass, charge and tension: 

^ ^ 7r(r^ + 2mrg - 3g^) ^ VSnq ^ ^ ro(rg - m) 

4A/r^ — 2mr^ + g^ 2 ^a/^q — 2mrQ + q"^ 

Noting that the length of the S^ circle at infinity is L = 27rro one can check directly that 
the Smarr relation is indeed satisfied: 

2M = 3TS + $g + TL, (71) 

where: 

$ = V3g \Ao - 2mrg + q^ 

2 mrQ — g^ + Tq a/wi^ — g^ 

is the electric potential. Moreover, the first law of thermodynamics for the squashed black 
holes takes the simple form (l65l) . One should note here that the Komar mass as computed 
from fl67|) satisfies indeed the relation 2Mk = 2M — TL, as expected from the generalized 
Smarr relation. 

Take now the case of the rotating KK-monopole discussed in the previous section. Using 
the counterterms method one computes the mass, angular momentum and tension: 

nj _ ^^0 J TTjVg ^_ ro(l-6jVg) 

" 4Gyr^4Ag ' ^^ " G ' ' - 4G(1 - Afrl) ' ^''^ 



while the dipole charge is given in fl64j) . The entropy vanishes as expected since there is 
no event horizon in this geometry. The dipole potential can be read from the expected 
generalized Smarr relation: 

2v^7r7rn . x 

and it is an easy matter to check that the first law is indeed satisfied. 

For the squashed Schwarzschild-Godel spacetime the conserved charges are given respec- 
tively by: 

Trro 2m + rg - 32m^f - 2Amrlf + 128m^j^ + 128mVgj^ v^ . 2 

4G ^/rQ — 2m + IGm^j^ y/f — Smj^ — Apr'^ 2 

m — Tg — IGm^j^ + Grgj^ — GAm^j'^ + GAm'^rQJ'^ t^J^^q 

AG^rl - 2m + 16m2j2(l - 8mj2 - 4j2r2) ' '^ ~ G ' 

The black hole horizon is located at: 

^ m(l - 8mj2) ^g 

A/rQ — 2m + Voji^m^ 
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and it has the topology of a squashed three-sphere. Its area can be easily evaluated and the 
Bekenstein-Hawking entropy of the black hole can be written as: 

G G Tq — zm(l — Smj^) 

The angular velocity of the horizon becomes: 

(1 — 8mj2)2A/l — 8mp — Apr^ 
It is also straightforward to compute the Hawking temperature using the general formula in 



J, ^ y/rg - 2m(l - 8mf)^ - Afr^ - 8m f 
2TxrQ^2m{\ — 8mj^)'^ 

With the dipole potential: 

2^/3-11 jr q{1 + IQj'^Tq — 16mj^ + 64m^j'') ^/rQ — 2m + lQm?p 
^ = ~G (1 - 8mj2)2 ^l-8mj^-A3^ ^^°^ 

one can check that the generalized Smarr relation and the first law are indeed satisfied. 

One of the main motivations of our work was studying the effect of the squashing factor 
on the properties of a black hole immersed in the Godel universe. Recall that a Godel black 
hole cannot have an arbitrarily large entropy as the area of the black hole horizon reaches a 
maximum value for some value of the mass parameter m and it decreases when m is further 
increased beyond that value [13]. This is reminiscent of the case of a black hole in de Sitter 
universe, since its entropy is also bounded from above by the entropy of a Nariai black hole, 
which is the largest black hole that can fit within the cosmological horizon. 

One might expect that these intriguing properties of the black hole entropy in a pure 
Godel universe are lost once one introduces the squashing factor in the Godel geometry. 
However, it turns out that there still exist ranges of parameters such that this strange 
behavior is in fact preserved even in the squashed geometry. For example, in Figure 1 one 
notices that the entropy of a black hole in the squashed Godel background is indeed bounded 
from above and that there is a range of the mass parameter m at fixed j and tq for which 
the entropy decreases while the conserved mass M increases. A through investigation of the 
thermodynamic properties of these squashed black holes is outside the scope of this paper 
and we shall leave this interesting subject for future work. 

6 Conclusions 

In the present paper we have considered the effect of the squashing transformation on the 
geometry of a general charged, rotating black hole embedded into the Godel universe. 
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Figure 1: Entropy S and mass M of a black hole in a squashed Godel universe for r^ = 10 
and j = 1/30. 



We have seen that the squashing function x(r) is generally given in terms of a real 
parameter c, whose values control the squashing of the three-sphere at infinity. For negative 
values of c = —Tq < one recovers the solution given in the appendix of [36] • By an 
appropriate change of coordinates it turns out that the region near ro corresponds in fact to 
an asymptotic region, however, we found that this region can be reached from both sides of 
Tq. The region r < Tq corresponds to the so-called 'left geometry' while the region r > Tq 
gives a different background geometry. The 'left' geometry asymptotes to a fully regular 
rotating Kaluza-Klein monopole background, while the 'right' geometry corresponds to a 
similar rotating Kaluza-Klein monopole, however, with negative value of the NUT charge 
and it is therefore nakedly singular. By carefully choosing the parameters, one can ensure 
that either the left geometry or the right geometry become free of the closed timelike curves 
that plagued the initial un-squashed Godel geometry but not both of them at the same time. 

We have considered the lift of the squashed geometry in ten dimensions and its T- 
dual geometry. It turns out that only in the case of unsquashed Godel itself does the 
ten-dimensional geometry factorize nicely into a pp-wave form. Interestingly, the lift of the 
general squashed rotating charged black hole in Godel spacetime has as its T-dual geometry 
a rotating Kaluza-Klein black hole - like spacetime. 

Using the counterterms method we computed the conserved charges and action of the 
squashed black hole. In particular, we found that the gravitational tension (per unit time) T 
can be naturally defined in this context as being the conserved quantity corresponding to the 
Killing vector d/dip. We have also considered the Komar quantities in terms of which the 
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Smarr relation takes a particularly simple form, which, however, does not include the term 
involving the gravitational tension. To this end, we uncovered a simple relation between 
the conserved mass computed in the counterterms approach and the Komar mass: they are 
related by 2Mk — 2M = — TL, where L is the asymptotic length of the ip circle. If we use 
this relation in the expected generalized Smarr relation fl66|) . one finds that in the new Smarr 
relation the terms involving the gravitational tension cancel out. 

Finally, we found that some unexpected thermodynamical properties of the uncharged 
black holes embedded in the Godel spacetimes can be preserved even after one introduces the 
squashing transformation. In particular, there are ranges of the parameters describing the 
black hole solution for which the black hole entropy is bounded from above and it can further 
decrease as one increases the mass of the black hole. We leave a more detailed analysis of the 
thermodynamical aspects of the general charged and rotating squashed black hole to future 
work. 
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